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Abstract—Due to high spectral-efficiency of multiple-input
multiple-output (MIMO) transmission techniques, IEEE 802.11n
WLAN system adopted a single-user MIMO (SU-MIMO) scheme
in which multiple symbol streams are transmitted from a single
station (STA) to enhance the system performance. On the other
hand, recently, adoption of a multi-user MIMO (MU-MIMO)
scheme for multi-packet reception (MPR) in uplink WLAN
has also attracted attention. The SU-MIMO scheme achieves
a MIMO multiplexing gain at physical (PHY) layer while the
MU-MIMO scheme achieves a MIMO multiplexing gain at
medium access control (MAC) layer. Thus, there is a fundamental
question which scheme is a better solution for uplink WLANs
and, in this paper, we analyze and compare these two schemes
with random STA distribution scenarios. Moreover, with the
adaptation of MAC layer parameters, we also analyze and
compare the maximum throughput performance of both the SU-
and MU-MIMO schemes in uplink WLANs and we find a proper
decision criterion to select the MIMO mode in uplink WLANs.

Index Terms—IEEE 802.11n, multi-user MIMO, multi-packet
reception, multi-rate WLAN.

I. INTRODUCTION

IEEE 802.11 [1] wireless local area networks (WLANs)
have been widely deployed in the world due to simple

use. The medium access control (MAC) technique of IEEE
802.11 WLAN is called distributed coordination function
(DCF) which is a carrier sense multiple access with a col-
lision avoidance (CSMA/CA) scheme with binary exponential
backoff. The DCF employs two types of packet transmis-
sion schemes: basic access and request-to-send/clear-to-send
(RTS/CTS) access mechanisms. Compared to the basic access
mechanism, the RTS/CTS access mechanism exchanges RTS
and CTS frames before the transmission of a data frame
in order to reduce the time resource waste caused by the
collision of large-sized packet transmissions. Due to high
popularity of WLANs, there have been many studies on
the DCF in WLAN systems [2]–[4]. However, most studies
focused on the MAC performance under the assumption of a
simple collision model in which frame errors occur when there
are simultaneous transmissions from multiple stations(STAs).
Thanks to the recent advanced signal processing techniques
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at physical (PHY) layer especially with multi-user multiple
input multiple output (MU-MIMO) techniques, the receiver
can detect all or partial of the simultaneously transmitted
frames in wireless communications which is also called multi-
packet reception (MPR).

Due to an inherent collision mitigation property of the MU-
MIMO scheme in WLANs, there have been several studies on
the MU-MIMO based WLANs [5]–[8]. For the basic access
mechanism, Jin et al. [5] proposed a collision mitigation
scheme in uplink WLANs using multiple antennas at an
access point (AP). Utilizing MU-MIMO detection techniques
at the AP, we showed that multiple frames can be successfully
decoded even in the presence of simultaneous transmissions in
uplink. For the RTS/CTS access mechanism, Zheng et al. [6]
proposed an MU-MIMO technique to support simultaneous
transmissions in uplink WLANs. Assuming the channel state
information (CSI) is available at each STA, Huang et al. [7] [8]
proposed a channel state based random access protocol for
MU-MIMO based uplink WLANs. For the WLAN systems,
since STAs are located with different distances away from the
AP, they may operate at different average received signal-to-
noise ratio (SNR) regions and, consequently, each STA may
select a different data rate. In these multi-rate WLANs, a
near-far interference problem occur at the AP when there are
simultaneous transmissions from STAs. Despite the random
STA distributions in WLANs, only the case of independent
and identically distributed (i.i.d) post-detection SNR for each
STA was considered in [7] even in the case of simultaneous
transmissions from multiple STAs. Although this near-far
interference problem was mentioned in [8], they assumed
the STAs performed a power control scheme so that all the
channels between different transmit antennas at the STAs and
different receive antennas at the AP were eventually i.i.d and,
consequently, all the STAs operate at the identical channel
conditions. Thus far, the efficiency of the MU-MIMO scheme
in uplink WLANs with random STA distributions has not been
investigated.

On the other hand, the current IEEE 802.11n [9] stan-
dard has already adopted a single-user MIMO (SU-MIMO)
technique which enables each STA to transmit multiple
streams through its multiple antennas. Moreover, the down-
link MU-MIMO scheme has been adopted by the ongoing
IEEE 802.11ac [10] standard. With the downlink MU-MIMO
scheme in IEEE 802.11ac, much higher complexity is added
at the AP if the uplink MU-MIMO scheme is applied in the
infrastructure mode. Although the MU-MIMO scheme was
not included in standard bodies yet, as a possible candidate
scheme for the future WLAN systems, it is necessary to
compare the performance of the uplink WLANs with the MU-
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MIMO scheme to that with the SU-MIMO scheme. The SU-
MIMO scheme enables high data rate for each STA at PHY
layer while it does not support simultaneous transmissions
from multiple STAs. However, each STA needs to transmit
a single stream with a MU-MIMO scheme in order to support
simultaneous transmissions and, consequently, the data rate of
each STA may be lower than that of the SU-MIMO scheme.
Moreover, although the MU-MIMO scheme supports multiple
simultaneous transmissions from multiple STAs, a random
access nature of the DCF can not always schedule the si-
multaneous transmissions. Thus, the performance comparison
between the SU-MIMO scheme and the MU-MIMO scheme
is an interesting problem. We compared the performance of
uplink WLANs with SU-MIMO and MU-MIMO schemes [11]
under the assumption of a single-rate WLAN environment.

Extending this work [11], we analyze and compare the
throughput performance of the SU-MIMO and the MU-MIMO
schemes in the uplink WLANs with random STA distribution
scenarios. Instead of power control, rate adaptation is con-
sidered here since the current IEEE 802.11 series WLANs
support multiple data rates. Since most current WLAN devices
adopt the basic access mechanism to exchange data and
acknowledgement (ACK) frames, the basic access mechanism
is considered in this paper. Each STA has no information
on the instantaneous CSI without exchanging RTS and CTS
frames and it should select a proper data rate based on long-
term statistics of the channel. Furthermore, since the system
with the MU-MIMO scheme is more efficient if there are more
simultaneous transmissions, we also analyze and compare the
SU-MIMO and the MU-MIMO schemes when the MAC layer
parameters are adapted to achieve the maximum throughput
performance of each scheme.

The key contributions of this paper are summarized as
follows: First, considering the random STA distributions, we
analyze the performance of the MU-MIMO scheme in uplink
WLANs with multi-rate support. Second, we evaluate the
performance of both the SU-MIMO and the MU-MIMO
schemes in uplink WLANs in terms of average throughput
and investigate a tradeoff between these two schemes. Third,
we analyze the maximum throughput of the SU-MIMO and
the MU-MIMO schemes and compare the gains obtained by
the SU-MIMO scheme at PHY layer with those obtained by
the MU-MIMO scheme at MAC layer.

The rest of this paper is organized as follows: In Section
II, the system models of the SU- and MU-MIMO schemes
are described. In Section III, the performance of the PHY and
MAC layers is analyzed for the SU- and MU-MIMO schemes.
In Section IV, the maximum throughput of WLANs with the
SU- and MU-MIMO schemes is analyzed and compared. In
Section V, numerical results are presented for performance
comparison of the SU- and MU-MIMO schemes. Finally,
conclusions are presented in Section VI.

II. SYSTEM MODEL

A. SU-MIMO Scheme

The number of antennas at each STA and the AP is set
to 𝑁 , respectively, in this paper. In the SU-MIMO scheme,
input bits are first encoded with one encoding block and are
transmitted through 𝑁 parallel antennas. The received signals

through 𝑁 antennas are first post-detected into 𝑁 symbol
streams and are decoded by one decoding block at the AP
side. The post-detection can be done by MIMO decoding
techniques, such as zero forcing (ZF), minimum mean square
error (MMSE), successive interference cancellation (SIC), and
maximum linkelihood (ML). Since the encoded symbol stream
is directly mapped to 𝑁 antennas, collisions may occur when
there are multiple transmissions from multiple STAs. Since the
transmission power, 𝑃 , is limited at each STA, the transmit
power at each antenna of the STA is set to 𝑃/𝑁 .

B. MU-MIMO Scheme with a Single Antenna Transmission
(MU-MIMO-SA)

For the MU-MIMO scheme, we first consider the case of a
single antenna transmission for each STA (MU-MIMO-SA).
Since each STA has no CSI information due to a lack of
RTS/CTS frame exchange in the basic access mechanism,
the STAs cannot perform antenna selection to enhance the
channel quality and they just randomly select one transmit
antenna. With channel estimation at the AP, it can recover the
transmitted data streams originated from different STAs with
MIMO decoding techniques. If the number of simultaneous
transmissions, 𝑀 , is smaller than the number of antennas, 𝑁 ,
at the AP, the AP can perform the MIMO decoding. In the case
of 𝑀 ≥ 𝑁 , although there is a successful decoding possibility
for some data streams, we do not consider this kind of capture
effect in this paper.

C. MU-MIMO Scheme with a Space-Time Block Coding
(STBC) Transmission (MU-MIMO-STBC)

One way to enhance the performance of the MU-MIMO
scheme is applying the space-time block code (STBC) scheme
for each transmitting STA (MU-MIMO-STBC). Each STA
encodes the input bits with the STBC codes such as an
Alammouti scheme or a quasi-orthogonal space time block
code (QOSTBC) [12], and transmits through 𝑁 antennas. In
the case of simultaneous transmissions from 𝑀(≤ 𝑁) STAs,
the AP can perform ML or the array processing scheme [13]
for multi-user detection.

There are two technical issues for implementing the MU-
MIMO scheme in uplink WLANs: synchronization and chan-
nel estimation. In general, there are no further transmissions
from other STAs due to an inherent CSMA/CA protocol when
an STA has already started its transmission. Thus, simultane-
ous transmissions occur only when multiple STAs start their
transmission at the same time. Since each STA is located at
a different distance from the AP, the time of arrival of each
data stream at the AP may be slightly different. However,
if the time mismatch is smaller than the guard time of an
orthogonal frequency division multiplexing (OFDM) symbol,
it does not degrade the signal detection performance [14].
Thus, this synchronization problem is not a critical task for
IEEE 802.11a/g/n based WLAN systems since the mandatory
guard time is 0.8𝜇𝑠 and the typical WLAN coverage is smaller
than 100m.

For channel estimation, there have been several studies
on the channel estimation for multi-user MIMO detections.
For example, Jeon et al. [15] proposed Walsh code based
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orthogonal preambles and Sung et al. [16] introduced superim-
posed training sequences for multi-user channel estimations.
Furthermore, since the physical layer convergence protocol
(PLCP) header of each data frame is encoded with the lowest
data rate in WLAN systems, it can help the channel estimation
with a blind detection technique [17] [18]. Since the channel
estimation procedure is not a scope of this paper, we assume
the perfect channel estimation at the AP under the same
assumption in the previous work [5]–[8]. The interested reader
can refer to the channel estimation procedure for the MU-
MIMO based WLANs in [18] in which we can replace the
RTS frame aided blind estimation with the PLCP header aided
blind estimation. Here we simply compare the complexity of
the channel estimation in terms of the required number of
channel gains. For the SU-MIMO scheme, since there are
𝑁 transmit and 𝑁 receive antennas, the required number of
channel gains is 𝑁2. For the MU-MIMO-SA scheme, owing
to a single-antenna transmission for each STA, the required
number of channel gains is 𝑀𝑁 for simultaneous transmis-
sions from 𝑀 STAs. For the MU-MIMO-STBC scheme, since
each STA transmits packets with 𝑁 antennas, the required
number of channel gains is 𝑀𝑁2 when there are simultaneous
transmissions from 𝑀 STAs. Thus, we can observe that
the estimation complexity of the MU-MIMO-STBC scheme
shows much higher complexity than that of the SU-MIMO and
the MU-MIMO-SA schemes in terms of the required number
of channel gains.

III. PERFORMANCE ANALYSIS OF MULTI-RATE UPLINK

WLANS

Since we consider uplink WLANs with random STA dis-
tribution, we first analyze the post-detection SNR for each
STA when there exist simultaneous transmissions and then,
discuss the data rate selection rules. Our key observation is
that the post-detection SNR for each STA is only affected by
the number of STAs with simultaneous transmissions and it is
not affected by the signal strength of other STAs with Rayleigh
fading channel when the AP performs the ZF decoding for
the MU-MIMO-SA scheme or performs the array processing
for the MU-MIMO-STBC scheme. This property enables the
STAs to adapt the data rates without the knowledge about the
SNR working regions of other STAs. At MAC layer, taking
into account the multiple data rates for the STAs, we analyze
the system throughput performance for both the SU- and the
MU-MIMO schemes.

A. PHY Layer Analysis with the MU-MIMO-SA Scheme

1) ZF Decoding: For the MU-MIMO scheme, when
there are 𝑀 transmitting STAs and 𝑁 receive antennas
at the AP, channel matrix 𝑯 can be expressed as 𝑯 =
[𝒉1,𝒉2, ⋅ ⋅ ⋅ ,𝒉𝑀 ], where 𝒉𝑖 = (ℎ1𝑖ℎ2𝑖 ⋅ ⋅ ⋅ℎ𝑁𝑖)

𝑇 denotes the
channel gain from the 𝑖-th STA to the 𝑁 antennas of the
receiver. With independent Rayleigh fading channel, ℎ𝑗𝑖(𝑗 =
1, 2, ⋅ ⋅ ⋅ , 𝑁) is an independent, zero-mean, complex Gaussian
random variable with a variance of 2𝜎2

𝑖 . Each variance of
2𝜎2

𝑖 (𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑀) may have a different value because
each STA is located with a different distance from the AP. The
received signal at the AP can be expressed as 𝒓 = 𝑯𝒔+ 𝒏,
where 𝒔 = (𝑠1, 𝑠2, ⋅ ⋅ ⋅ , 𝑠𝑀 )𝑇 and 𝒓 = (𝑟1, 𝑟2, ⋅ ⋅ ⋅ , 𝑟𝑁 )𝑇
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Fig. 1. BER performance of various modulation and coding schemes.

represent the transmitted and received symbol vectors, respec-
tively. The term 𝒏 is a complex Gaussian vector in which each
component has zero mean and variance 𝑁0. Using the channel
gain 𝑯 , the AP can recover the transmitted symbols by using
ZF decoding techniques. After ZF at the AP, the post-detection
SNR for the 𝑖-th STA is given as [19]

𝛾𝑖 =
𝛾0

[(𝑯𝐻𝑯)−1]𝑖𝑖
, (1)

where 𝛾0 is the transmitted SNR for each antenna pair and
[𝐴]𝑖𝑖 is the element in the 𝑖-th row and the 𝑖-th column of
the matrix 𝐴. Although the variance of each column of 𝑯
can be different, the statistical property of 1/[(𝑯𝐻𝑯)−1]𝑖𝑖 is
not affected by other columns and it has a Gamma distribution
with 2(𝑁−𝑀+1) degrees-of-freedom (DoF) and variance 𝜎2

𝑖 .
Consequently, the post-detection SNR for the 𝑖-th transmitter,
𝛾𝑖(1 ≤ 𝑖 ≤ 𝑀) has a probability density function (PDF) [20]

𝑓2(𝑁−𝑀+1)(𝛾𝑖) =

exp

(
− 𝛾𝑖
2𝜎2

𝑖 𝛾0

)
(𝑁 − 𝑀)!(2𝜎2

𝑖 𝛾0)
×
(

𝛾𝑖
2𝜎2

𝑖 𝛾0

)𝑁−𝑀

.

(2)
As shown in Eq. (2), the post-detection SNR for the 𝑖-th
STA, 𝛾𝑖, only depends on its own channel variance 𝜎2

𝑖 and
it is not affected by the SNR values of other STAs. However,
an increase in the number of transmitting STAs, 𝑀 , reduces
the DoF. In the case of 𝑀 = 𝑁 , the post-detection SNR
distribution is identical to that in a single-input single-output
(SISO) Rayleigh fading channel case.

Since WLAN systems mostly operate in indoor environ-
ments with severe scattering, the channel gain exhibits a highly
frequency-selective property. Additionally, considering the bit
interleaving at the coding block, the channel gain for a data
stream can be approximated to be i.i.d. The modulation and
coding scheme (MCS) levels supported by IEEE 802.11n
systems are introduced in Table I and Fig. 1 shows the bit
error ratio (BER) performance in an i.i.d, SISO, Rayleigh-
fading channel scenario in which the DoF value is 2. This BER
performance also gives an upper bound in the case of 𝑁 > 𝑀
because in this case, the channel exhibits larger DoFs. The
BER performance can be approximated as 𝐵𝐸𝑅(𝛾) ≈ 𝛼𝛾−𝛽
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TABLE I
MODULATION AND CODING SCHEMES

DoF = 2 DoF = 4 DoF = 8
Mode Data rate Modulation Coding rate 𝛼 𝛽 𝛼 𝛽 𝛼 𝛽

1 6.5 Mbps BPSK 1/2 0.0272 7.528 0.0031 9.853 0.0008 9.540
2 13 Mbps QPSK 1/2 2.9217 6.228 1.5946 8.221 0.5516 8.996
3 19.5 Mbps QPSK 3/4 145.3967 4.607 635.9026 7.287 396.1361 8.784
4 26 Mbps 16QAM 1/2 309.5414 4.554 3716.732 6.844 1.3944e4 8.537
5 39 Mbps 16QAM 3/4 2120.869 3.437 1.0223e6 6.280 5.1308e7 8.439
6 52 Mbps 64QAM 2/3 2643.438 2.953 2.6722e6 5.297 3.8569e9 7.825
7 58.5 Mbps 64QAM 3/4 984.6983 2.422 8.6993e5 4.524 1.591e10 7.373
8 65 Mbps 64QAM 5/6 2663.313 2.329 8.6170e7 5.009 1.023e12 7.626

in which 𝛾 is the average received SNR and the values of 𝛼
and 𝛽 are listed in Table I. In Fig. 1, each mark indicates the
simulation result for each MCS level and the solid line shows
the approximated results. We can find the approximation
results are very close to the simulation ones. For a frame with
length 𝐿, the frame error ratio (FER) for the 𝑖-th STA can be
approximated as

𝐹𝐸𝑅(𝛾𝑖) = 1− (1 − 𝐵𝐸𝑅(𝛾𝑖))
𝐿 ≈ 𝐿 ⋅ 𝐵𝐸𝑅(𝛾𝑖). (3)

For the SU-MIMO scheme, since each STA transmits the
data stream with 𝑁 antennas, this corresponds to two DoFs
and we can apply the FER results from Eq. (3). In the calcu-
lation of the FER, we should pay attention to the calculation
of the average received SNR. As introduced in Section II-A,
since the total transmit power, 𝑃 , is limited to a single STA,
the transmit power for each antenna of the STA is equal to
𝑃/𝑀 . This implies that the data rate does not increase linearly
with an increasing number of transmit antennas at the STA in
IEEE 802.11n system.

Based on the FER analysis shown in this subsection, we can
find that for the data rate selection, each STA does not need to
consider the signal strength of the simultaneously transmitting
STAs and it only needs to consider the achieved DoF. There
are several link adaptation schemes for WLANs and, in this
paper, we assume that the STAs adaptively set their data rate
based on their average received SNRs for each transmit and
receive antenna pair. In order to support an MPR capability
of 𝑁 packets, each STA should select the data rate under the
assumption that the achieved DoF is equal to two. The target
FER is set to 0.01 in this paper.

2) MMSE Decoding: For the MMSE decoding, the post-
detection SNR for the 𝑖-th STA is expressed as [19]

𝛾𝑖 =
1[(

𝛾0𝑯
𝐻𝑯 + 𝐼𝑀

)−1
]
𝑖𝑖

− 1, (4)

where 𝐼𝑀 is the 𝑀 -array identity matrix. Gao et al. [21]
analyzed a closed form expression of the post-detection SNR
with MMSE decoding. Comparing the expression in [21] and
the cumulative distribution function of the post-detection SNR
with ZF decoding which can be obtained through integrating
Eq. (2), we can easily conclude that the MMSE decoding
shows better performance than ZF decoding.

Generally, the MMSE MIMO decoding is considered as
the combination of the matched filter which shows good
performance at the low interference region and the ZF receiver
which shows good performance at the high interference region

[22]. Taking the merits of the above two receivers, the MMSE
receiver shows better performance than the ZF receiver. The
ZF receiver only eliminates the interference from other streams
while the MMSE receiver not only eliminates the interference
but also reduces the effect of noise. Thus, if the interference
STAs operate in much higher SNR regions, compared to a
tagged STA, due to strong interference, the MMSE receiver
yields almost the same performance as the ZF receiver. Es-
pecially, in a randomly distributed STA environment, STAs
which transmit frames simultaneously may give strong inter-
ference to the other STAs and each STA has no information
on the locations of other STAs. Thus, in order to guarantee
the required FER, each STA should select a proper data rate
in the most conservative way - assuming the ZF receiver at
the AP.

3) SIC Decoding: For the SIC decoding, ordering is an
important issue and the performance is affected by the or-
dering. In the case of a single rate transmission and a slow,
flat fading channel, if there are two receive antennas, optimal
ordering is to first detect the stream with the highest SNR. If
there are more than two receive antennas, the optimal decoding
order is not discovered yet. When it comes to the multi-rate
transmission, even with two receive antennas, decoding the
stream with the highest SNR first is not an optimal ordering
due to different data rates and different required SNR values
for successful decoding. Moreover, the channel considered in
WLAN is in a selective-fading environment where the channel
gains for a data stream may vary symbol by symbol. Thus,
the ordering is more complicated and the optimal decoding
performance with SIC can be obtained with testing all possible
decoding orders.

The implementation of the SIC decoding is based on a
Gram-Schmidt orthogonalization procedure, which builds a
set of orthogonal vectors from a set of linearly independent
vectors. The post-detection SNR for the 𝑖-th STA was analyzed
in [23] for the identical variance for each channel gain.
However, following the analytical procedure shown in [23],
we can easily obtain the post-detection SNR distribution for
the 𝑖-th STA which is Gamma distributed with a DoF of
2(𝑁 − 𝑀 + 𝑖) and it is not affected by the SNR values of
the other STAs. Note that the post-detection SNR is derived
with the assumption that the previous 𝑖-1 streams are success-
fully decoded. Otherwise, the decoding may fail with a high
probability due to strong interference. Here we can observe
that the post-detection SNR for the first decoding stream has
the same SNR distribution as that with the ZF decoding and,
consequently, has the same FER performance. Moreover, upon
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successful decoding for the previous streams, the remaining
streams can obtain better FER performance than that with
the ZF receiver due to larger DoF values. With all possible
decoding orders, each stream has opportunities to be decoded
first, which yields the same FER performance with the ZF
receiver. Moreover, each stream may also have opportunities
to be decoded second or later if there exist decoding successes
of other streams and, in this case, the FER performance may
be better than that with the ZF receiver. Thus, we can conclude
the ZF receiver shows lower performance than the SIC receiver
with all possible decoding orders.

Since the number of simultaneously transmitting STAs
varies over time and the optimal order of SIC decoding is
hard to find in practice, each STA can select the data rate,
assuming that its packet is decoded first. The selected data
rate is identical to that with the ZF receiver.

B. PHY layer Analysis with the MU-MIMO-STBC Scheme

In the case of 𝑁=2 in which STAs and AP have two anten-
nas respectively, each STA can transmit a data stream with an
Alamouti scheme. In the case of simultaneous transmissions
from two STAs, there are two kinds of decoding technique
at the AP side: ML and array processing [13]. Since ML has
a very high computational complexity, we consider the array
processing method which eventually cancels the interference
of other STAs. Following the array processing, we can find
the signal strengths of other STAs do not affect the post-
detection SNR statistics of the desired STA. For the array
processing, Kazemitabar and jafarkhani [24] demonstrated
that the post-detection SNR is Gamma distributed with a
DoF value of 4(𝑁 − 𝑀 + 1) where 𝑀 is the number of
the simultaneously transmitted STAs. In order to support
simultaneous transmissions from maximum 𝑁 STAs, each
STA should select a proper data rate under the assumption
of DoF=4, which is the result of the assumption, 𝑀 = 𝑁 .

In the case of 𝑁=4 in which STAs and AP have four
antennas each, since there does not exist orthogonal STBC
for complex signal transmission [25], we consider a quasi-
orthogonal STBC (QOSTBC) transmission for each STA. With
the QOSTBC transmissions, the AP can cancel the interference
of other STAs through array processing [12]. It was proven
that the QOSTBC does not reduces the data rate while still
achieving a full diversity gain of 4(𝑁 − 𝑀 + 1) [24]. Since
this full diversity order is obtained through ML decoding
for the rotated modulation symbol pairs of the QOSTBC
scheme, the implementation complexity is very high especially
with high order modulations. Thus, it is hard to obtain the
exact BER performance in WLAN systems with the QOSTBC
transmissions for a convolutional coding scheme. In this
paper, we approximate the post-detection SNR as the Gamma
distribution with a DoF of 8(𝑁−𝑀+1) which shows the same
diversity gain of 4(𝑁 −𝑀 +1). Note that this approximation
can be obtained through the complete separation of the rotated
modulation symbol pairs which cannot be obtained with ML
decoding for the QOSTBC scheme. Consequently, it shows
better BER performance. In order to support simultaneous
transmissions from maximum 𝑁 STAs, each STA should
select a proper data rate under the assumption of DoF=8,
which is the result of the assumption, 𝑀 = 𝑁 .

The BER performance for the data rates supported by a
WLAN with post-detection SNR values with DoFs of 4 and
8 also can be approximated with Eq. (3). The corresponding
(𝛼, 𝛽) values are also listed in Table. I.

C. MAC Layer Analysis

IEEE 802.11n WLAN adopts a CSMA/CA protocol with
binary exponential backoff. The STAs take a backoff proce-
dure after their shared channel is sensed idle during a DCF
interframe space (DIFS) period. Each STA randomly chooses
an integer value as a backoff counter value within (0, 𝐶𝑊−1),
where 𝐶𝑊 is the contention window size and is initially
set to a minimum value 𝐶𝑊min. In the backoff procedure,
the backoff counter value is decreased by one for each idle
𝑆𝑙𝑜𝑡𝑇 𝑖𝑚𝑒 and is frozen if the channel is occupied by other
STAs. An STA with a backoff counter value of 0 can transmit a
frame. After the successful transmission, the STA can receive
an acknowledgement (ACK) frame from the receiver after a
short interframe space (SIFS) period. If the transmitted frame
collides with other frames, then the STA cannot receive an
ACK frame from the receiver. In order to retransmit the failed
frame, the STA doubles the 𝐶𝑊 value and returns to a backoff
procedure after an ACK timeout period. The 𝐶𝑊 value can
be increased up to a maximum value 𝐶𝑊max and there also
exists a maximum retry limit for retransmission.

Bianchi [2] proposed a Discrete Time Markov Chain
(DTMC) model to compute the saturation throughput in a
saturation traffic case. We extended this model to accommo-
date simultaneous transmissions from multiple STAs at PHY
layer in a network environment where AP is located at the
center of a basic service set (BSS) and 𝑛-contending STAs
communicate with the AP. Thus, the multi-rate transmissions
are considered. We focus on uplink performance without
considering downlink transmission except the transmission of
ACK frames.

For each STA, let 𝜏 be the transmission probability and
𝑝 be the backoff stage transition probability that the STA
retransmits the previous transmitted frame. Since we assume
that the STAs select their data rates for a target FER of 0.01
which is quite low at PHY layer, there are few channel errors
and, consequently, the backoff stage transition probability is
nearly identical to the collision probability. If the AP can
receive maximum 𝑁 simultaneous transmissions, a transmis-
sion failure occurs when there are more than 𝑁 simultaneous
transmissions. From the viewpoints of the backoff procedure
[2] and network, we can obtain the relationship between 𝜏 and
𝑝, as

𝜏 =
2(1− 𝑝𝑅+1)

𝑊 (1− 2𝐿𝑝𝑅+1) + 𝑊𝑝[
∑𝐿−1

𝑖=0 (2𝑝)𝑖] + (1− 𝑝𝑅+1)
,

(5)

𝑝 = 1−
𝑁−1∑
𝑚=0

(
𝑛 − 1

𝑚

)
𝜏𝑚(1− 𝜏)𝑛−1−𝑚, (6)

where 𝑊 represents the minimum contention window size
𝐶𝑊min. The term 𝐿 is the maximum number of doublings
of the 𝐶𝑊 , which is identical to log2(𝐶𝑊max/𝐶𝑊min).
Numerically solving (5) and (6), the values of 𝜏 and 𝑝 can be
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obtained. As a special case, 𝑁 = 1 represents the SU-MIMO
scheme.

The probability 𝑃𝑚
𝑡𝑟 that there are simultaneous transmis-

sions from 𝑚(≥ 0) STAs in a time slot is expressed as

𝑃𝑚
𝑡𝑟 =

(
𝑛

𝑚

)
𝜏𝑚(1− 𝜏)𝑛−𝑚. (7)

Then, the average throughput can be obtained as

Throughput =
𝔼[payload]

𝑃 0
𝑡𝑟𝜎 +

∑𝑁
𝑚=1 𝑃𝑚

𝑡𝑟 𝑇𝑚
𝑡𝑟 +

∑𝑛
𝑚=𝑁+1 𝑃𝑚

𝑡𝑟 𝑇𝑚
𝑐

,

(8)
where 𝜎 is the backoff slot time. 𝑇𝑚

𝑡𝑟 and 𝑇𝑚
𝑐 are the success-

ful and collided transmission times for 𝑚 STAs’ simultaneous
transmissions and they are expressed as

𝑇𝑚
𝑡𝑟 = 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚] + 𝑆𝐼𝐹𝑆 + 𝐴𝐶𝐾𝑡𝑖𝑚𝑒

+𝐷𝐼𝐹𝑆,
𝑇𝑚
𝑐 = 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚] + 𝐴𝐶𝐾𝑡𝑖𝑚𝑒𝑜𝑢𝑡 + 𝐷𝐼𝐹𝑆,

where 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚] is the average maximum data
transmission time of the 𝑚 simultaneously transmitting STAs.
Since we consider multi-rate WLANs and STAs select their
data rates based on the average received SNR, the data trans-
mission time may be different for each STA. For simplicity,
we assume the payload size is constant. Let 𝐾 and 𝑅𝑘(𝑅1 <
𝑅2 < ... < 𝑅𝐾) denote the number of data rates and the 𝑘−th
data rate, respectively. 𝑚𝑘 denotes the number of STAs with
a data rate of 𝑅𝑘, and we set 𝑝𝑘 = 𝑚𝑘/𝑛, (𝑘 = 1, 2, ...,𝐾)
to denote its portion. Let 𝑇𝑘(𝑇1 > 𝑇2 > ... > 𝑇𝐾) denote the
data transmission time related to the data rate of 𝑅𝑘. Then,
the probability that the channel occupation time is 𝑇𝑘 due to
𝑚 simultaneous transmissions is expressed as

𝑃𝑚,𝑘 =
∑𝑚

𝑖=1

(
𝑚
𝑖

)
𝑝𝑖𝑘𝑝

𝑚−𝑖
𝑘+

=
(
1−∑𝑘−1

𝑖=0 𝑝𝑖

)𝑚

−
(
1−∑𝑘

𝑖=0 𝑝𝑖

)𝑚

,
(9)

where 𝑝𝑘+ =
∑𝐾

𝑗=𝑘+1 𝑝𝑗 and the value of the auxiliary
parameter 𝑝0 is 0. Consequently, we can obtain the average
transmission time due to 𝑚 simultaneous transmissions as

𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚] =
𝐾∑

𝑘=1

𝑇𝑘𝑃𝑚,𝑘. (10)

Thus far, we have analyzed the throughput performance of
the multi-rate WLANs. This throughput performance analysis
is applicable to stationary STAs each of which has a fixed
data rate. However, we have more interest in a randomly
distributed environment. In this case, the average throughput
can be expressed as

Throughputavg = lim
𝑆→∞

1

𝑆

𝑆∑
𝑙=1

Throughput𝑙(𝑝𝑙1, 𝑝𝑙2, ..., 𝑝𝑙𝐾).

(11)
where 𝑆 and Throughput𝑙(𝑝𝑙1, 𝑝𝑙2, ..., 𝑝𝑙𝐾) denote the total
number of STA location samples1 and the throughput of the
𝑙-th sample of the STA locations where the portion of each
data rate is 𝑝𝑙𝑘(𝑘 = 1, 2, ...,𝐾). It is not easy to analyze the

1For an STA location sample, each STA has a fixed distance value away
from the AP and, consequently, each STA selects a fixed data rate. The
locations of STAs may vary over different STA location samples.

exact result for the average throughput. However, as proved in
AppendixA, the throughput equation described in Eq. (8) is a
convex function of the probability set {𝑝𝑘(𝑘 = 1, 2, ...,𝐾)}.
Based on the Jensen’s inequality, we can obtain the lower
bound of the average throughput,

Throughputavg ≥ Throughput𝑙(𝑝1, 𝑝2, ..., 𝑝𝐾), (12)

where {𝑝1, 𝑝2, ..., 𝑝𝐾} are the probability mass function of
the data rates of STAs and can be expressed as 𝑝𝑘 = 𝔼[𝑚𝑘

𝑛 ]
for 𝑘 = 1, 2, ...,𝐾 . We will show in Section V that this lower
bound is very close to the exact average throughput value and,
thus, it is a good approximation.

IV. MAXIMUM THROUGHPUT ANALYSIS

For the MU-MIMO scheme based uplink WLANs, if there
are a small number of STAs in the system, the performance
enhancement is limited even though the AP can support a
number of simultaneous transmissions. Thus, it is necessary to
analyze the maximum throughput by exploiting the potential
of the MU-MIMO scheme. There have been several papers
on the maximum throughput analysis in WLANs [2] [18].
For the SU-MIMO scheme based WLANs in which a simple
collision model is considered, Bianchi [2] analyzed the maxi-
mum throughput performance as a function of the number of
contending STAs and average payload transmission time. For
the MU-MIMO based WLANs in which MPR is available,
Zhang et al. [18] evaluated the optimal asymptotic throughput
as a function of exponential factor of the backoff algorithm and
showed the ‘superlinearity’ of the MPR capable WLANs. In
this section, for the finite population, we analyze the maximum
throughput of the MU-MIMO scheme based uplink WLANs
with a basic access mechanism and find a selection criterion
between the SU-MIMO scheme and the MU-MIMO scheme
in uplink WLANs.

In order to analyze the maximum throughput of the WLANs
with the MU-MIMO scheme, we define the average channel
occupancy time as

𝑇𝑠 =

∑𝑁
𝑚=1 𝑃𝑚

𝑡𝑟 𝑇𝑚
𝑡𝑟 +

∑𝑛
𝑚=𝑁+1 𝑃𝑚

𝑡𝑟 𝑇𝑚
𝑐

1− (1− 𝜏)𝑛
. (13)

This average channel occupancy time can be calculated by
each STA or AP in an infrastructure based WLAN through
long term channel observations. Based on this definition, the
throughput equation can be modified as

Throughput =
𝔼[𝑃 ]

𝜎
⋅

∑𝑁
𝑖=1

(
𝑛
𝑖

)
𝑖𝜏 𝑖(1− 𝜏)𝑛−𝑖

(1− 𝜏)𝑛 + [1− (1− 𝜏)𝑛]𝑇 ∗
𝑠

, (14)

where 𝑇 ∗
𝑠 = 𝑇𝑠/𝜎 is the normalized channel occupancy time.

The throughput can be maximized when the derivative of
Eq. (14) with respect to 𝜏 is equal to 0.

(1− 𝜏)𝑛
(
1− 1

𝑇 ∗
𝑠

)
+

∑𝑁
𝑖=1

(
𝑛
𝑖

)
𝑖𝜏 𝑖(1− 𝜏)𝑛−𝑖∑𝑁

𝑖=1

(
𝑛
𝑖

)
𝑖2𝜏 𝑖(1− 𝜏)𝑛−𝑖

𝑛𝜏 − 1 = 0.

(15)
Here, we define the average number of transmitting STAs in a
slot or the average transmission rate at MAC layer as 𝑥 = 𝜏𝑛



3338 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 10, NO. 10, OCTOBER 2011

and assume that 𝑥 << 𝑛. Then, Eq. (15) can be rewritten as[(
1− 𝑥

𝑛

)−𝑛
𝑥

]−𝑥 (
1− 1

𝑇∗
𝑠

)
+

∑𝑁
𝑖=1 (

𝑛
𝑖)𝑖(

𝑥
𝑛−𝑥 )

𝑖

∑
𝑁
𝑖=1 (

𝑛
𝑖)𝑖2(

𝑥
𝑛−𝑥)

𝑖 𝑥 − 1

=
[(
1− 𝑥

𝑛

)−𝑛
𝑥

]−𝑥 (
1− 1

𝑇∗
𝑠

)
+

∑𝑁
𝑖=1

[
𝑛!

(𝑛−𝑖)!𝑖! (
𝑥

𝑛−𝑥 )
𝑖
]
𝑖

∑𝑁
𝑖=1

[
𝑛!

(𝑛−𝑖)!𝑖! (
𝑥

𝑛−𝑥 )
𝑖
]
𝑖2

𝑥−1

≈ 𝑒−𝑥
(
1− 1

𝑇∗
𝑠

)
+

∑𝑁
𝑖=1

1
(𝑖−1)!

𝑥𝑖

∑𝑁
𝑖=1

𝑖
(𝑖−1)!

𝑥𝑖 𝑥 − 1 = 0,

(16)
where we use the fact that lim 𝑥

𝑛
→0

(
1− 𝑥

𝑛

)−𝑛
𝑥 = 𝑒. Eq. (16)

implies the average number of transmitting STAs or the
average transmission rate at MAC layer is almost constant
under the condition of a large number of contending STAs in
the network in the case of achieving maximum throughput
and, consequently, the optimal transmission probability 𝜏
is just inversely proportional to the number of contending
STAs. Substituting the result of Eq. (15) into the throughput
equation (14), the maximum throughput is obtained as

Throughputmax =
𝔼[𝑃 ]

𝑇𝑠
⋅ 1

𝑛𝜏

𝑁∑
𝑖=1

(
𝑛

𝑖

)
𝑖2𝜏 𝑖(1− 𝜏)𝑛−𝑖

≈ 𝔼[𝑃 ]

𝑇𝑠
⋅ 1
𝑥
𝑒−𝑥

𝑁∑
𝑖=1

𝑖

(𝑖 − 1)!
𝑥𝑖.

(17)
We here define the normalized maximum throughput as fol-
lows:

Normalized throughputmax ≈
1

𝑥
𝑒−𝑥

𝑁∑
𝑖=1

𝑖

(𝑖 − 1)!
𝑥𝑖. (18)

Then, the normalized maximum throughput is almost constant
because 𝑥 is independent of 𝑛 and the maximum throughput
only depends on the data rate at PHY layer. If we calculate
the ratio of the normalized maximum throughput between the
MU-MIMO and the SU-MIMO schemes, we can obtain a
MIMO multiplexing gain achieved by the MU-MIMO scheme
at MAC layer. If the MIMO multiplexing gain of the SU-
MIMO scheme at PHY layer is smaller than that of the MU-
MIMO scheme at MAC layer, we should select the MU-
MIMO scheme in the uplink WLANs when the system has
the ability to achieve maximum throughput through controlling
the transmission probability of each STA.

The maximum throughput can be obtained by adjusting
the CWmin size of each STA in uplink WLANs. From the
relationship between 𝜏 and the stage transition probability 𝑝
shown by Eq. (5), we can adjust the CWmin size as follows:

𝑊 =

(
2𝑛

𝑥
− 1

)
(1 − 2𝑝)(1 + 𝑝𝑅+1)

𝑝[1− (2𝑝)𝐿] + (1− 2𝑝)(1− 2𝐿𝑝𝑅+1)
,

(19)
where the stage transition probability 𝑝 can be approximated
as

𝑝 = 1−
𝑁−1∑
𝑖=0

(
𝑛 − 1

𝑖

)
𝜏 𝑖 (1− 𝜏 )

𝑛−1−𝑖

≈ 1− 1

𝑥
𝑒−𝑥

𝑁∑
𝑖=1

1

(𝑖 − 1)!
𝑥𝑖.

(20)

From Eq. (20), we can find the state transition probability 𝑝 is
almost constant regardless of the number of contending STAs.
Thus, the value of CWmin is linearly increased with increasing

TABLE II
SYSTEM PARAMETERS

PHY layer parameters
Path loss at 1m 44.2 dB
Path-loss exponent 4
Transmit power of STA 200 mW
𝑁0 -199 dBW/Hz
Bandwidth 20 MHz
Target FER 0.01

MAC layer parameters
DIFS 34 𝜇s
SlotTime 9 𝜇s
SIFS 16 𝜇s
ACKtime 64 𝜇s
ACKtimeout 80 𝜇s
PHY overhead 40 𝜇s
𝐶𝑊min 16
𝐶𝑊max 1024
Retry limit 7
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Fig. 2. Transmission data rates over distances.

the number of contending STAs, as shown in Eq. (19). With
this calculated value of CWmin, each STA can eventually
adjust the transmission probability.

V. NUMERICAL RESULTS

We consider a scenario in which an AP is located at the
center and there exist only uplink traffic and their correspond-
ing ACK frames transmitted from the AP. STAs are uniformly
distributed in a BSS and adaptively select their data rates based
on their average receive SNR values for a target FER of 0.01.
The STAs are assumed to always have packets to transmit.
The system parameters are listed in Table II in which the
PHY layer parameters selected from [5] and the MAC layer
parameters are selected from IEEE 802.11n standard [9]. The
ACKtime and ACKtimeout are calculated by assuming the
lowest MCS level for successful decoding. The selection of
CWmin and CWmax values is based on the description part of
MIMO-OFDM PHY characteristics in IEEE 802.11n standard
[9].
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Fig. 3. Collision probability.

A. Throughput Performance

The average SNR for the 𝑖-th STA with distance 𝐷𝑖 from
the AP is

𝛾(𝐷𝑖)(𝑑𝐵) = 𝛾0(𝑑𝐵) − 44.2− 40 log10 𝐷𝑖, (21)

where the path loss at 1m is set to 44.2dB and the path loss
exponent is set to 4 as listed in Table II. The transmit power
of each STA is set to 200mW. Fig. 2 shows the data rate
for varying distances from the viewpoint of each STA when
the payload size is set to 1000 bytes and the required FER
constraint is set to 0.01. With the MU-MIMO-SA scheme,
since each STA transmits its data steam with a single antenna,
the data rate is lower than that of the SU-MIMO scheme. For
the SU-MIMO scheme, with an increasing number of antennas
at the STA and AP, the data rate can be increased. Since the
MU-MIMO-STBC scheme achieves a diversity gain at PHY
layer, it shows better data rates than that of the MU-MIMO-SA
scheme.

Fig. 3 shows the collision probability for both the SU-
and MU-MIMO systems. The collision probability is one of
the most critical factors affecting the MAC layer throughput
performance. With the SU-MIMO scheme, a collision occurs
if more than two STAs simultaneously transmit their frames.
With the MU-MIMO scheme, as noted in Section II-C, a col-
lision occurs only when the number of simultaneous transmis-
sions is larger than that of receive antennas at the AP. Hence,
the collision probability of the MU-MIMO scheme decreases
as the number of receive antennas at the AP increases, while
the collision probability of the SU-MIMO scheme does not
vary according to the number of antennas at the AP. The MU-
MIMO scheme yields a lower collision probability than that
of the SU-MIMO scheme.

Fig. 4 shows the average throughput for varying the number
of STAs and the number of receive antennas at the AP when
the payload size is set to 1000bytes and cell radius is set to
20m. For each simulation, we distribute STAs uniformly in
a BSS and perform simulations 200 times and then obtain
the average results. Although the throughput performance is
analyzed for the lower bound, it agrees well with simulation
results and we can use it as an approximation of the aver-
age throughput performance. Both the SU- and MU-MIMO
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Fig. 4. Average throughput with payload size 1000 bytes and radius 20m.
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Fig. 5. Average throughput with 10 STAs and radius 10m.

schemes yield better average throughput than legacy IEEE
802.11a/g systems in which the AP has one receive antenna.
Moreover, we can find there is an tradeoff between the SU-
and MU-MIMO schemes. At the extreme case of one STA in
a BSS, we can find both the MU-MIMO-SA and the MU-
MIMO-STBC schemes show less throughput performance
than that of the SU-MIMO scheme. With increasing the
number of contending STAs, the MU-MIMO scheme shows
better throughput performance than that of the SU-MIMO
scheme.

Fig. 5 shows the average throughput performance for vary-
ing the payload size from 100bytes to 10000bytes when there
are 10 contending STAs in a BSS and the cell radius is
10m. We can find that the MU-MIMO scheme shows better
throughput performance than the SU-MIMO scheme when the
payload size is small. In the case of 𝑁 = 4, if we increase the
payload size, the throughput performance of the SU-MIMO
scheme increases faster than that of the MU-MIMO schemes,
and eventually shows better performance with a large payload
size. In the case of 𝑁 = 2, there is a throughput performance
tradeoff between the MU-MIMO-SA scheme and the SU-
MIMO scheme while the MU-MIMO-STBC scheme always
shows better throughput performance than that of the SU-
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Fig. 6. Average throughput with 10 STAs and radius 5m.

MIMO scheme. The MU-MIMO-STBC obtains a diversity
gain at PHY layer so that the STAs can select the higher data
rate at low SNR region while still obtaining a multiplexing
gain at MAC layer. Thus, with high probability, the MU-
MIMO-STBC yields better throughput performance than that
of the SU-MIMO scheme with a large cell size. Fig. 6 shows
the average throughput performance with a small cell radius
of 5m. If the cell size becomes small, an increase in the data
rate with the diversity gain is limited. Thus, STAs with both
the MU-MIMO-SA and MU-MIMO-STBC schemes select
almost the same data rate, i.e., the highest MCS level and,
consequently, the throughput performance is also identical and
shows a tradeoff, compared to the SU-MIMO scheme.

In summary, if the payload size is small and there is a large
number of contending STAs, the MU-MIMO scheme yields
better throughput performance than the SU-MIMO scheme.
In addition to the payload size and network population, the
channel parameters such as the path loss exponent and channel
distribution and the location distribution of STAs may also
affect the throughput performance, it is hard to predict the
accurate tradeoff boundary of the throughput performance
between the SU- and MU-MIMO schemes. In order to find
a more meaningful insight, we compare the SU- and MU-
MIMO schemes in the case of the maximum throughput in
the next subsection.

B. Maximum Throughput Comparison

For the conventional WLANs, the maximum throughput
was first analyzed in [2]. The result in [2] shows that the
transmission probability of each STA should be controlled as
a function of the number of contending STAs and the average
channel occupation time in order to obtain the maximum
throughput. The effect of normalized channel occupancy time
on the optimal transmission probability cannot be negligible
as shown in by 𝜏 ≈ 1/(𝑛

√
𝑇 ∗
𝑠 /2), which is the result in [2].

Fig. 7 shows the average transmission rate at MAC layer
for varying the normalized channel occupancy time 𝑇 ∗

𝑠 which
is obtained from numerically solving Eq. (16). An increase
in the value of 𝑇 ∗

𝑠 reduces the average transmission rate at
MAC layer. Especially, the decrement is relatively large in the
case of 𝑁 = 1. However, as the number of receive antennas
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Fig. 7. Average transmission rate at MAC layer

TABLE III
AVERAGE TRANSMISSION RATE AT MAC LAYER VERSUS THE

TRANSMISSION TIME AND THE NUMBER OF RECEIVE ANTENNAS AT THE
AP

Average transmission rate at MAC layer
N=1 N=2 N=3 N=4

𝑇 ∗
𝑠 = 10 0.3917 1.0099 1.8519 2.6862

𝑇 ∗
𝑠 = 100 0.1352 0.8101 1.7737 2.6497

𝑇 ∗
𝑠 = ∞ 0.0114 0.7736 1.7637 2.6454

at the AP increases, the negative slope becomes nearly flatter
and, thus, the effect of normalized channel occupancy time on
the optimal average transmission rate at MAC layer becomes
smaller. In the case of 𝑁 = 4, the average transmission rate at
MAC layer is almost constant. The detailed values are listed
in Table III. Even though the channel occupancy time tends to
infinity, the average number of transmitting STAs is almost not
changed in the case of 𝑁 = 4. The independence between the
average number of transmitting STAs and channel occupancy
time makes it easy to achieve maximum throughput because
we do not need to consider the normalized channel occupancy
time in tuning the MAC layer parameters. If the normalized
channel occupancy time is hard to predict, we can simply use
the value of the average transmission rate at MAC layer with
a case of the infinite value of 𝑇 ∗

𝑠 to control the CWmin size
described in Eq. (19).

Fig. 8 shows the normalized maximum throughput ratio
between the MU-MIMO scheme and the SU-MIMO scheme.
In the case of 𝑇 ∗

𝑠 = 100, the throughput ratios for 𝑁 = 2, 3,
and 4 are given by 1.33, 1.80 and 2.37, respectively. This result
can be used to determine a MIMO mode selection criterion
between the SU- and MU-MIMO schemes in uplink WLANs.
For example, in the case of 𝑇 ∗

𝑠 = 100 and 𝑁 = 2, it is better
for each STA to choose the SU-MIMO scheme if the spectral
efficiency of the SU-MIMO scheme is 1.33 times higher than
that of the MU-MIMO scheme at PHY layer.

VI. CONCLUSIONS

In this paper, we first compared the performance of multi-
rate uplink WLANs with the SU- and MU-MIMO schemes in
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Fig. 8. Normalized throughput ratio between the MU-MIMO scheme and
the SU-MIMO scheme.

terms of average throughput in a random STA distribution sce-
nario. The transmission data rate at PHY layer was analyzed in
a Rayleigh fading channel and the lower bound of the average
throughput was also approximately analyzed at MAC layer.
The SU-MIMO system yields better transmission data rate at
PHY layer with short distances, while the MU-MIMO system
shows a lower collision probability at MAC layer. The MU-
MIMO system yields better throughput performance for small
payload sizes and a large number of contending STAs. The
inefficiency of the SU-MIMO scheme for small-sized packets
was also indicated and the MU-MIMO scheme is a good
candidate for improving the performance from this viewpoint.
Moreover, we also analyzed and compared the normalized
maximum throughput of uplink WLANs with the SU- and
MU-MIMO schemes and found a decision criterion to select
a proper MIMO mode through comparing the normalized
maximum throughput and the spectral efficiency at PHY layer.

APPENDIX

In order to prove the convexity of the throughput formula
shown by Eq. (8), we need to take the second derivative and
prove that it is equal to or larger than 0. First, we define the
denominator of the throughput formular as 𝑓 (𝑝1, 𝑝2, ..., , 𝑝𝐾),

𝑓 (𝑝1, 𝑝2, ..., , 𝑝𝐾)

= 𝑃 0
𝑡𝑟𝜎 +

∑𝑁
𝑚=1 𝑃𝑚

𝑡𝑟 𝑇𝑚
𝑡𝑟 +

∑𝑛
𝑚=𝑁+1 𝑃𝑚

𝑡𝑟 𝑇𝑚
𝑐

= 𝑃 0
𝑡𝑟𝜎 +

∑𝑁
𝑚=1 𝑃𝑚

𝑡𝑟 [𝑆𝐼𝐹𝑆 + 𝐴𝐶𝐾𝑡𝑖𝑚𝑒+ 𝐷𝐼𝐹𝑆]

+
∑𝑛

𝑚=𝑁+1 𝑃𝑚
𝑡𝑟 [𝐴𝐶𝐾𝑡𝑖𝑚𝑒𝑜𝑢𝑡+ 𝐷𝐼𝐹𝑆]

+
∑𝑁

𝑚=1 𝑃𝑚
𝑡𝑟 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚]

+
∑𝑛

𝑚=𝑁+1 𝑃𝑚
𝑡𝑟 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚]

= 𝐶 +
∑𝑁

𝑚=1 𝑃𝑚
𝑡𝑟 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚]

+
∑𝑛

𝑚=𝑁+1 𝑃𝑚
𝑡𝑟 𝔼[𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒𝑚],

(22)
where 𝐶 = 𝑃 0

𝑡𝑟𝜎+
∑𝑁

𝑚=1 𝑃𝑚
𝑡𝑟 [𝑆𝐼𝐹𝑆+𝐴𝐶𝐾𝑡𝑖𝑚𝑒+𝐷𝐼𝐹𝑆]+∑𝑛

𝑚=𝑁+1 𝑃𝑚
𝑡𝑟 [𝐴𝐶𝐾𝑡𝑖𝑚𝑒𝑜𝑢𝑡 + 𝐷𝐼𝐹𝑆].

We substitute the result for 𝑀𝑎𝑥𝐷𝑎𝑡𝑎𝑇 𝑖𝑚𝑒 in Eq. (11),
then for any value 𝑟(1 ≤ 𝑟 ≤ 𝐾) we have

𝑓 (𝑝1, 𝑝2, ..., , 𝑝𝐾)

= 𝐶 +
∑𝑛

𝑚=1 𝑃
𝑚
𝑡𝑟

⋅
{∑𝐾

𝑘=1 𝑇𝑘

[(∑𝐾
𝑗=𝑘 𝑝𝑗

)𝑚

−
(
1−∑𝑘

𝑗=1 𝑝𝑗
)𝑚]}

= 𝐶 +
∑𝑛

𝑚=1 𝑃
𝑚
𝑡𝑟

{
𝑇1

[
1−

(∑𝐾
𝑗=2 𝑝𝑗

)𝑚]

+
∑𝐾−1

𝑘=2 𝑇𝑘

[(∑𝐾
𝑗=𝑘 𝑝𝑗

)𝑚

−
(∑𝐾

𝑗=𝑘+1 𝑝𝑗
)𝑚]

+𝑇𝐾

(
1−∑𝐾−1

𝑗=1 𝑝𝑗
)𝑚}

= 𝐶 +
∑𝑛

𝑚=1 𝑃
𝑚
𝑡𝑟

{
𝑇1

[
1−

(∑𝐾
𝑗=2 𝑝𝑗

)𝑚]

+
∑𝑟−1

𝑘=2 𝑇𝑘

[(∑𝐾
𝑗=𝑘 𝑝𝑗

)𝑚

−
(∑𝐾

𝑗=𝑘+1 𝑝𝑗
)𝑚]

+ 𝑇𝑟

(∑𝐾
𝑗=𝑟 𝑝𝑗

)𝑚

− 𝑇𝑟

(
1−∑𝑟

𝑗=1 𝑝𝑗
)𝑚

+
∑𝐾−1

𝑘=𝑟+1 𝑇𝑘

[(
1−∑𝑘−1

𝑗=1 𝑝𝑗
)𝑚

−
(
1−∑𝑘

𝑗=1 𝑝𝑗
)𝑚]

+𝑇𝐾

(
1−∑𝐾−1

𝑗=1 𝑝𝑗
)𝑚}

.

(23)

𝑑𝑓 (𝑝1, 𝑝2, ..., , 𝑝𝐾)

𝑑𝑝𝑟

=
∑𝑛

𝑚=1 𝑚𝑃𝑚
𝑡𝑟

{
−𝑇1

(∑𝐾
𝑗=2 𝑝𝑗

)𝑚−1

+
∑𝑟−1

𝑘=2 𝑇𝑘

[(∑𝐾
𝑗=𝑘 𝑝𝑗

)𝑚−1

−
(∑𝐾

𝑗=𝑘+1 𝑝𝑗
)𝑚−1

]

+ 𝑇𝑟

(∑𝐾
𝑗=𝑟 𝑝𝑗

)𝑚−1

+ 𝑇𝑟

(
1−∑𝑟

𝑗=1 𝑝𝑗
)𝑚−1

+
∑𝐾−1

𝑘=𝑟+1 𝑇𝑘

[
−
(
1−∑𝑘−1

𝑗=1 𝑝𝑗
)𝑚−1

+
(
1−∑𝑘

𝑗=1 𝑝𝑗
)𝑚−1

]
−𝑇𝐾

(
1−∑𝐾−1

𝑗=1 𝑝𝑗
)𝑚−1

}

=
∑𝑛

𝑚=2 𝑚𝑃𝑚
𝑡𝑟

{
−𝑇1

(∑𝐾
𝑗=2 𝑝𝑗

)𝑚−1

+
∑𝑟−1

𝑘=2 𝑇𝑘

[(∑𝐾
𝑗=𝑘 𝑝𝑗

)𝑚−1

−
(∑𝐾

𝑗=𝑘+1 𝑝𝑗
)𝑚−1

]

+ 𝑇𝑟

(∑𝐾
𝑗=𝑟 𝑝𝑗

)𝑚−1

+ 𝑇𝑟

(
1−∑𝑟

𝑗=1 𝑝𝑗
)𝑚−1

+
∑𝐾−1

𝑘=𝑟+1 𝑇𝑘

[
−
(
1−∑𝑘−1

𝑗=1 𝑝𝑗
)𝑚−1

+
(
1−∑𝑘

𝑗=1 𝑝𝑗
)𝑚−1

]
−𝑇𝐾

(
1−∑𝐾−1

𝑗=1 𝑝𝑗
)𝑚−1

}

+ 𝑃 1
𝑡𝑟 [−𝑇1 + 2𝑇𝑟 − 𝑇𝐾 ] .

(24)

𝑑𝑓2 (𝑝1, 𝑝2, ..., , 𝑝𝐾)

𝑑𝑝2𝑟

=
∑𝑛

𝑚=2 𝑚 (𝑚− 1)𝑃𝑚
𝑡𝑟

{
−𝑇1

(∑𝐾
𝑗=2 𝑝𝑗

)𝑚−2

+
∑𝑟−1

𝑘=2 𝑇𝑘

[(∑𝐾
𝑗=𝑘 𝑝𝑗

)𝑚−2

−
(∑𝐾

𝑗=𝑘+1 𝑝𝑗
)𝑚−2

]

+ 𝑇𝑟

(∑𝐾
𝑗=𝑟 𝑝𝑗

)𝑚−2

−𝑇𝑟

(
1−∑𝑟

𝑗=1 𝑝𝑗
)𝑚−2

+
∑𝐾−1

𝑘=𝑟+1 𝑇𝑘

[(
1−∑𝑘−1

𝑗=1 𝑝𝑗
)𝑚−2

−
(
1−∑𝑘

𝑗=1 𝑝𝑗
)𝑚−2

]
+𝑇𝐾

(
1−∑𝐾−1

𝑗=1 𝑝𝑗
)𝑚−2

}

=
∑𝑛

𝑚=2 𝑚 (𝑚− 1)𝑃𝑚
𝑡𝑟

⋅
{∑𝑟−1

𝑘=1 (−𝑇𝑘 + 𝑇𝑘+1)
(∑𝐾

𝑗=𝑘+1 𝑝𝑗
)𝑚−2

+
∑𝐾−1

𝑘=𝑟 (−𝑇𝑘 + 𝑇𝑘+1)
(
1−∑𝑘

𝑗=1 𝑝𝑗
)𝑚−2

}
≤ 0.

(25)

The last inequality is based on the fact of 𝑇1 > 𝑇2 > ... >
𝑇𝐾 . As a consequence, we have
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𝑑2Throughput

𝑑𝑝2𝑟
= 𝔼[payload]

⋅
{
−𝑓 ′′ (𝑝1, 𝑝2, ..., , 𝑝𝐾)

𝑓2 (𝑝1, 𝑝2, ..., , 𝑝𝐾)
+

2 [𝑓 ′ (𝑝1, 𝑝2, ..., , 𝑝𝐾)]
2

𝑓3 (𝑝1, 𝑝2, ..., , 𝑝𝐾)

}
≥ 0,

(26)
which shows the throughput is a convex function of any 𝑝𝑟.
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